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Abst rac t - -Th is  work deals with the control of a three-link manipulator. A control problem 
concerning the motion of its end-effector in the vicinity of a moving obstacle is posed. The problem 
is solved by first using successively two inverse dynamics transformations, and then by minimizing a
penalty function. (~) 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
This work deals with the control of a three-link manipulator. To be more specific, the control 
of a Puma-like manipulator (see Figure 1) is dealt with. However, the Puma-like manipulator 
serves here only as an example to demonstrate the method of using successively two inverse 
dynamics transformations on a three-link manipulator. It is assumed here that the motion of 
the manipulator is driven by three motors. The first motor is located at the base of the first 
link, at point O, the second motor is located at the joint between the first and second links, and 
the third motor is located at the joint between the second and third links. It is assumed here 
that a cylindrical shaped obstacle is moving along a circular trajectory located in front of the 
manipulator (see Figure 2). Let rEF denote the location of the manipulator's end-effector, and 
let r A and rB denote the location of two given points within the reach of rEF , r A ~ rB, and such 
that rEF(0) = rA. It is further assumed here that both rA and rB are in front of the manipulator, 
and that at t = 0, the time that the motion of both the manipulator and the obstacle begins, 
rA is not within the domain occupied by the obstacle. Let tf  > 0 be a given number. Thus, 
the following control problem is considered here: find control laws for the torques applied to the 
links 1 such that: 
(i) rEF(tf) will be in a small neighbourhood of rs ,  
IThese torques are generated by the motors. However, the inclusion of the motors' dynamics in the dynamical 
model of the system and the computation ofthe corresponding control aws for the inputs to the motors will be 
dealt with elsewhere. 
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Figure 1. The three-link manipulator. 
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Figure 2. View of the moving obstacle from above. 
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(ii) the manipulator will come almost o rest at t = ti, 
(iii) during the time interval [0, t f], the motion of the manipulator should avoid collision be- 
tween any part of the manipulator with the moving obstacle, and 
(iv) during the time interval [0, tf], the manipulator's motion will be subjected to three con- 
straints that will be introduced later. 
The problem posed here is dealt with by using successively two inverse dynamics transforma- 
tions. By doing so, we obtain complete separation of the kinematics of the manipulator f om its 
dynamics. This enables us to solve the posed problem by dealing directly with the kinematics of 
the manipulator. The solution of the kinematical problem is done by using the method of feasible 
command strategies described for example in [1,2]. 
This work is to a large extent a continuation of [3,4]. Reference [3] deals with the modelling 
and control of a Puma-like manipulator. There a control problem concerning the motion of the 
manipulator's end-effector in the half space {(x, y, z) : z > H}, H > 0, is dealt with. In [4], 
the control of a Puma-like manipulator, where the manipulator's end-effector has to move from 
a point rA to a point rB, in a given time interval, is dealt with. This problem is solved there 
by using successively two inverse dynamic transformations a described below. This method is 
adapted here for the case where the end-effector has to perform a similar task while avoiding 
collision with a moving obstacle. 
The solution of control problems by applying successively two inverse dynamics transformations 
is also demonstrated in [5-7]. 
2. DYNAMICAL  MODEL 
In this work, we consider the control of the motion of a three-link manipulator (see Figure 1). 
Let I, J, and K be unit vectors along an inertial (X, Y, Z)-coordinate system with the point O 
as its origin. Let 
il = cos81I+ sinOlJ, Jl = -s inOl I  + cosO1J, kl =K,  (1) 
be three unit vectors along the body axes of the first link, and let 
i~ = il, j~, = sin O~j 1 - cos 0~K, k~, = cos 0.j 1 + sin 0,,K, (2) 
be three unit vectors along the body axes of link y, t, = 2, 3, respectively. Note that the vector k~ 
is always along the main principal axis of link v, v = 1, 2, 3, respectively. 
The motion of the manipulator is driven by three motors. The first motor is located at the 
origin (see Figure 1), the second motor is located at the point rl ,  r l  = Llkl ;  and the third 
motor is located at r2, r2 -- L lkl  + L12k2. In addition, the end-effector is located at rEF, 
rEF = Llk l  + L12k= + L23k3, For the definition of L1, L12, and L23, see Figure 1. Also, rck, the 
location of the center of mass of link k, k = 1, 2, 3, is given by: rcl = Lclkl,  re2 -- Llkl +Lc2k2, 
and rc3 --- L lk l  + L12k2 ÷ Lc3k3, 0 < Lcl < L1, 0 < Lc2 < L12, and 0 < Lc3 < L2a. 
Denote by mk, the mass of link k and by mRk, the mass of motor k, k = 1, 2, 3, respectively. 
Also, I~1 denotes the moment of inertia of link ~ about i~, v = 2, 3, respectively; I~2 denotes 
the moment of inertia of link ~ about Jr, v = 2, 3, respectively; and Sua denotes the moment of 
inertia of link ~ about kv, tJ = 1,2, 3, respectively. Thus, the Lagrangian function [8], for the 
motion of the manipulator is given by (see also [3] or [4]) 
z \de]  ÷-2 =2\at ]  ÷~Aaa\at  ] 
dO,, dOa +ma&3--~-~ cos(e~ - Ca) - g [Yo~ + Vo2 sin e2 + Vo3 sin Ca], 
(3) 
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where 
Al1(02, 03) = (m2L~2 + rnR3L22 +/22) cos2 02 + I13 +/23 sin 2 02 
+ I32 cos e 03 +/33 sin e 03 + rn3B~23, 
B123 = L12 cos 02 + Lc3 cos 03, 
A22 = m2Lec2 + (m3 + mR3)L~2 + [21, A33 -- m3Lec3 + -/31, A23 -- L12Lc3, 
V01 = miLe1 + (me + rnRe + m3 + rnl~3)L1, 
V02 -- meLee + (m3 + mR3)L12, V03 = m3Lc3. 
Note that the motors are considered here as point masses, as their rotational kinetic energies are 
assumed to be negligible with respect o the kinetic energy of the links. 
In addition to Specifications (i)-(iii) mentioned in Section 1, the manipulator's motion is also 
subjected to the following constraints: 
(1) 0 < 0e(t) < ~, for ant  c [0,ts], 
(2) Bl l(t) sin(02(t) - 03(t)) ¢ 0, for all t e [0, t/], 
(3) d0~(t) > 0, for all t E [0,tf], dt -- 
where Bll(t) = L12 cos 02 (t) + L23 cos 03 (t). 
The first constraint follows from the limitations on the motion of the second link, as can be 
seen from Figure 1, the role of the second constraint will be discussed in the next section, and the 
third constraint follows from the requirement that the motion of the manipulator will be confined 
to the y >_ 0 half-space. This requirement follows from the motion of the obstacle, Section 3, and 
from the examples olved here. Denote 
q = (01, 02, 03) T, (dO1 dO2 dO3 "~ T P=\d-{ '  d t 'd -~)  ' 
and define the following set 
D --= {(q,p) : 0 < 02 < ~r, Bll  sin(02 - 03) ¢ 0, and Pl >- 0}. (4) 
Thus, the Lagrange quations [8] on 7) are given by (this can be shown by using the calculus of 
variations) 
d (0p£j) 0£: =Fj(~), j=1 ,2 ,3 ,  tE [0 , , f ] ,  (5) 
-~ Oq~ 
where Fj is the applied torque acting on link j, j = 1, 2, 3, respectively. Henceforward, the 
solution of the control problem dealt with here will be confined to (q(t), p(t))-trajectories which 
are in the set 7), for all t E [0, tf]. 
Thus, using the Lagrangian function (3) and the Lagrange quations (5), the following equations 
are obtained 
M,  , deq (q) ~ + h(q, p) = F, (q, p) e 7), (6) 
where, using the notations r = (F1,Fe, F3) T, M = [re,j], i , j  = 1,2,3, and h = (hi,he, h3) T, 
equations (3) and (5) yield 
roll =AI I ,  ml2 = 0, m13 = 0, (7) 
m21 = 0, m22 = A22, m23 = m3A23 cos(02 - 03), (8) 
m31 = 0, m32 = m23, m33 = A33, (9) 
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. dO1 dO2 
h: = 2(/23 - m122)-~- - ~ sin 02 cos 02 
I " dO: dO3 
+2(53 - 32) -~- -~ sin03 cos03 
~. ~ dO1 [dO2_ . dO3, . ~ "~ 
--zm3~123--~- ~-~-L12 sin02 + -'d'~-L'C3 slnb'3) , 
(1o) 
and 
(dO3~2sin(02_03)_ 1 (dO:~ 2 ~All 
h2 -- m3A23 \ dt ) -~ \ -~)  ~ +gVo2cos02, 
(dO2~2sin(02_03)_ 1 (dOz~2OA:: . . . .  
h3 = -maA23 \ dt ] 2 \ dt ] -O-~a *gv°3c°sv3'  
(II) 
(12) 
rrt122 -= m2L2c2 + mR3L~2 + I22. 
It can be shown that det M(q) > 0, for all 0k, k = 1, 2, 3. Equations (6)-(12) constitute the 
dynamical model for the system dealt with here. 
3. THE INVERSE DYNAMICS TRANSFORMATIONS 
Denote rEF ---- XEFI + YEFJ + zEFK, r2 = x2I + Y2J + z2K and let r s  be given by rB = 
XDI + YDJ + zDK. 
The cylindrical shaped moving obstacle is given by 
BR(t) = {(x,y,z) :  (x-- Cm(t)) 2 + (y -  Cn2(t)) 2 < R 2, 0 < z < Ha}, (13) 
t E [0, ti], where 
Ca:(t) = -CR cos(~(t)), CR2(t) = CR sin(~(t)), (14) 
and 0 < Ro < CR and /-/3 > 0 are given numbers. In addition, ~(.) is a given continuously 
differentiable function satisfying: ~(0) = 0, ~(t) _> 0, for all t 6 [0, t f] and ~(tf)  --- 7r. In this 
section, a procedure is described for the derivation of control aws, for the torques Fk, k = 1, 2, 3, 
such that the motion of the manipulator will satisfy the following specifications: 
(i) 
IxD - ~E~(tl)l < ~EF, lYD - YEF(tf)I < EEF, IZD --  ZnF( t f ) l  < ~SF, (15) 
(ii) 
(iii) 
(iv) 
[i=~(~)211/2<cv<< 1, at t ---- ty, (16) 
(q(t), p(t)) c :D, for all t C [0, tf], (17) 
if ao(t) <_ 91(t) < rio(t), then the following inequalities have to be satisfied 
ZEF(t) > Hou, z2(t) > H03, 92(t) > 0c, 
where 
71" 
~o(t )  = : - re(t) - #,  #o( t )  = ~o( t )  + 2#, 
= arctan , Oc = arctan \ Roe .] ' 
Roc  
(Hoa > Ha) that is used in (18) and (19) to compensate for the thickness of the links. 
(18) 
(19) 
= CR -- RO; eEF, eV are given positive numbers, and Ho3 is a given number, 
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REMARK. From (2), it follows that Links 2 and 3 are moving always in the (jl,K)-plane. Now, 
for 01 = -7r/2, equation (1) yields j l  = I. Using these observations, equations (18) and (19) 
follow (see Figure 2). 
The constraints described by (iv) are sufficient conditions for the motion of the manipulator 
to avoid any contact between any of its parts and the moving obstacle. Thus, the proposed 
procedure is as follows. 
First, introduce the following control aw 
r=M(q)w+h(q ,p ) ,  (q,p) e:D, (20) 
where w = (wl, w2, w3) T. Then, since det M(q) > 0, for all q, equations (6) and (20) imply 
d201 d202 d203 
dt 2 = wl, dt 2 = w2, dt 2 = W3,  (q,p) e D. (21) 
The control aw given by (20) is called the inverse dynamics control. We refer to it here as an 
inverse dynamics transformation. 
In the sequel, we take w = vs + K2vc, v3 --- (vs1, vs2, vs3) T, where 
dO~ 
vsi = -k l i '~  - k2~O~, i = 1, 2, 3, (22) 
K2 = diag(k21, k22, k23), and vc = (VCl, vc2, vc3) T are the given link-angle reference commands. 
Coefficients kli, k2i, i = 1,2,3 are real positive numbers chosen in such a manner that the 
polynomials 
f i ( s )=s2+k l i s+k2 i ,  i = 1,2,3, (23) 
are Hurwitz. 
Second, by using the expressions for (iv,j~, k.), v = 1, 2, 3, (equations (1),(2)) and the expres- 
sion for rEF, it can be shown that 
k [ d2q 1 d2rE------F-F = • /B~T + G (24) dt 2 
(cos, n0!) (!10 0) 
= sin01 cos01 , B = -L12 sin02 -L23 sin03 , 
0 0 LI2 cos 02 L23 cos 03 
where 
G = (G1, G2, G3) -r and 
G1 = 2 do1 / dO2 dO3 sin ) dt ~L12-~- sin 02 + L23--~ 03 , 
G2 --- -B l l  \ dt ] - L12 ~ dt ) cos02 - L23 \ -~" ]  cos03, 
O3 = -LI2 ~, dt ) sin02 - L23 \ -~- )  sinO3. 
(25) 
(26) 
(27) 
(28) 
Note that det ~(01) = 1, for all 01 6 (-¢r, 7r] and det B = L12L2sB11 sin(02 - 03). Thus, by 
introducing the following transformation 
u = ~[Bw + G], (q, p) C D, (29) 
Control of a Three-Link Manipulator 1633 
where u = (Ul, u2, u3) T, and using equations (21) and (24), we obtain 
d2XEF d2YEF d2ZEF 
dt 2 = u l ,  dt 2 - u2, dt  2 - u3. (30) 
The transformation given by (29) is again an inverse dynamics transformation (we call it so here, 
although it involves only the kinematics of the manipulator) and the functions ul, u2, and u3 
are called here the auxi l iary control funct ions .  Thus, by using successively the transformations 
given by (20) and (29), we obtain a complete separation of the kinematics from the dynamics of 
the manipulator. Note that the transformation given by (29) is valid only when det B ¢ 0, that 
is, for cases where (q(t), p(t)) E l), for all t e [0, t f]. This explains the role of Constraint 2 which 
was introduced in Section 2. In the next section, the kinematical problem is dealt with. 
4. THE K INEMATICAL  PROBLEM 
4.1. The  Aux i l i a ry  Cont ro l  P rob lem 
The auxiliary control problem is as follows: find functions Ul, u2, and u3, such that the solution 
d~_~ (q, p, rEF, VEF) (where VEF = dt J to equations (31)-(33) below 
d2XEF d2yEF d 2 ZEF 
dt 2 - -U l ,  dt 2 - -u2, dt 2 = u3. (31) 
W ~- K2vc  q- vs ---- B -1 [ -G  + @- lu ]  , (32) 
d201 d202 d203 
dt 2 = Wl,  dt 2 = w2, dt 2 = w3, (33) 
will satisfy the Specifications (i)-(iv) (that is, equations (15)-(18)) of Section 3, and Con- 
straints 1-3 of Section 2. Furthermore, it is assumed here that the manipulator is at rest at 
t=0.  
Let TO = 0 < ~'1 < T2 < "'" < rg -1  = ty be a partition of [0, tf] such that T~+I -- 7i = Ac, 
i=O, . . . ,N -2 .  
In this work, the following class of auxiliary control functions u = (ul, u2, u3) -r is dealt with. 
Consider the class of all functions u = (u l ,u2 ,u3)  T : [0, ty] ~ ~ such that 
u l ( t )  = Ai(t)e~ + Bi(t)c~+l,  
u2(t) = Ai ( t )cN+i  + B~(t)cN+i+l ,  
u3 (t) = A i ( t )c2N+i  + B~(t)c2N+~+l, 
t e [~-i,vi+l], i = 0 , . . . ,N -  2, (34) 
t e [~-~,~'i+1], i =0 , . . . ,N -2 ,  (35) 
tE[r i ,T i+l] ,  i=0 , . . . ,g -2 ,  (36) 
where 
A~(t) - "ri+l - t B~(t) - t - T~ i = O, N - 2, 
A~ ' Ac  ' " " '  
and c = (co, . . . ,  C3N-1) is determined later. Define the following functions 
(37) 
Go(z )  = [min(z, 0)] 2, 
G(z ,  e) = [min(z + e, 0) + max(z - e, 0)] 2, e > 0, 
G12(z, el, e2) = [min(z - el, 0) + max(z - e2, 0)] 2, el < e2, 
( z -  c~o( t ) )2 (z - ;30( t ) )  2, if so( t )  <_ z < ~o( t ) ,  
Glo(Z,  Cxo( t ) , f l o ( t ) )= O, otherwise. 
(38) 
(39) 
(40) 
(41) 
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Also, define the following functional (which is also a function of c) 
J(c) = G(x9  - xEF(ts), EF) + G(y  -- YEF(tl), + G(z  -- zE (tl), EF) 
fo + G~o(Ol(t),ao(t),~o(t))[Go(zEF(t) -/-/oa, O) + Go(z2(t) -/-/oa, O) 
+G°(92(t)-Sc'O)]dt + /ot' [ G° ~d81(t)\ T 'Oh]  + G12(82(t),O,~)] dt 
+ f ts Go ([ det B(t)[ - EB, 0) dt, 
J0 
(42) 
dO(t) [ f i  (~)2]  1/2 
where dt = , and eB is a given positive number, 
i=1 
and, as mentioned before detB(t) = L12L23Bll(t)sin(82(t) -93(t) ) .  The functional J(c) is a 
sum of penalty functions, incorporating the state constraints, and the required goals. An element 
• C o ~}~3N c ° = (c~,.. , 3N-1) E for which J (c °) = 0 will be called here a feasible command vector, 
and the control vector u ° induced by c ° via (34)-(37) will be called here a feasible command 
strategy. 
Thus, once a feasible command strategy u°(t), t C [0, t f] is applied to equations (31)-(33), 
then, all the specifications and goals of the auxiliary control problem posed in the last section 
are satisfied. The computation of c ° was conducted by solving an unconstrained minimization 
problem on ~3N. This was done by using a gradient method described in [9]. However, any 
other gradient method or search method may be applied. At each stage, during the minimization 
process, the function J(c) was computed by solving equations (31)-(33) on [0, tf]. Equations (31)- 
(33) (after writing equations (31),(33) as a set of irst-order ODEs) were solved by using a fourth- 
order Runge-Kutta method with a time step At. 
The question of the existence of solutions to J(c) = 0 in ~3N is out of the scope of this work. 
The mapping from c to J(c) is too complicated for guaranteeing the existence of c °. 
4.2. The  Dynamica l  P rob lem 
Once the vector function w(t) -= vs(t)+K2vc(t), t E [0,ti] is computed, then one can use (20) 
to compute the required torques F~(t), i = 1, 2, 3, t E [0, t f]. However, since M(q) and h(q, p) 
appearing in (20) are bounded and smooth, the presentation of the values of the torque r is 
omitted here in order to save space. 
4.3. Example  
In the example dealt with here, four cases have been solved. In all these cases, the following 
set of parameters has been used: L1 = 1.m, L12 -- 1. m, L2~ = 1.2m; 81(0) = -~v/2rad, 
82(0) = ~r/2.5 rad, 93 (0) -- -7r/3 rad; de~(0) = 0 rad/sec, i = 1, 2, 3. (These values led to XEF(0) 
0.9090m, YEF(0) ,~ 0.56 • 10-16m, ZEF(0) ~ 0.9118m.) Also, XD = --0.Sm, YD ~--  0.4m, and 
ZD = 1.6m. The parameters of the obstacle are given by: CR -- 1.8m, Ro = 1.6m, and the 
values of Ho3 were different for each case. The following parameters have been used in (22): 
kl~ -- 18., k2~ : 100., i -- 1, 2, 3. Also, in (42), we took ev --- 10 -7. In addition, we chose 
t / - -  4.5 sec, N -- 10, and Ac ---- 0.5 sec. 
Equations (31),(33) have been solved here by applying a fourth-order Runge-Kutta method 
with a time step At = 1/400 sec. 
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CASE 1. In this case, O(t) = 7r(t / t f )  2, H03 = 1.88 m. The  results for this case show that:  
(a) inequal it ies (15) were satisfied with £EF = 0 .97 .10  -6 m; 
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(d) inequalities (18) have been satisfied, for all t E [0,t/] ( that is, during the motion, o 
contact has been made between any part of the manipulator with any point of the moving 
obstacle). 
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Figure 9. The plots of 91(t) (Line 1), ao(t) (Line 2), and j3o(t) (Line 3), t 6 [0, ty], 
for Case 3. 
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Figure 10. The plots of 81 (t) (Line 1), ao(t) (Line 2), and ~9o(t) (Line 3), t E [0, ty], 
for Case 4. 
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CASE 2. In this case, (I'(t) = 7r(t/tI) 3, Ho3 -- 1.83m. The results for this case show that:  
(a) inequalit ies (15) were satisfied with eEl ---- 0 .10 .10 -5  m; 
(b) 
(c) 
(d) 
CASE 
(a) 
(b) 
(c) 
(d) 
Control of a Three-Link Manipulator 
~E3k: , (~)z l t=t ,  ~ 0.976.10 -7 rad/sec; 
(q(t),p(t)) • Z), for all t • [0, if]; and 
inequalities (18) have been satisfied, for all t • [0, ty]. 
3. In this case, ~(t) = ~(t/t/) 5, Ho3 = 1.72 m. The results for this case show that: 
inequalities (15) were satisfied with eEF = 0.10.10 -5 m; 
1 
~/E~=l(~)21t=t, ~ 0.997.10 -7 rad/sec; 
(q(t),p(t)) • 7), for all t • [0, if]; and 
inequalities (18) have been satisfied, for all t • [0, t/]. 
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CASE 4. In this case, (~(t) = 7r(t/tf) 9, Ho3 = 1.64m. The results for this case show that: 
(a) inequalities (15) were satisfied with cEF = 0.944. 10 -6 m; 
(b) 0.528.10-7 rad/sec; 
(c) (q(t),p(t)) C 7), for all t C [0, t/I; and 
(d) inequalities (18) have been satisfied, for all t C [0, t/]. 
In order to save space, only the results obtained for Case 1 are shown here (Figures 3-6). How- 
ever, using Figures 7-10, one can estimate the time interval in which O~(t) • [ao(t),~o(t)] 
(see (18),(19)) for each of the cases, respectively. 
5. CONCLUSIONS AND REMARKS 
A model of a three-link manipulator is derived and a control problem concerning the motion of 
its end-effector in the presence of a moving obstacle is posed. By applying successively two inverse 
dynamics transformations, we separate the kinematics of the manipulator from its dynamics. 
Since the goals and the specifications of the control problem involve only the kinematics of the 
manipulator, the above-mentioned separation enables us to solve the problem by working directly 
with its kinematics. 
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